This paper describes a numerical scheme for approximate the viscous Saint-Venant equations. This scheme is called staggered grid scheme which is a robust, simple and strightforward scheme for viscous SaintVenant equations. Some numerical simulations have been elaborated to validate the accuracy of the scheme, such as the calculation of the convergence rate L 1 -norm error of the scheme, the comparison of viscous and classical Saint-Venant equations, comparison of staggered scheme with kinetic scheme and direct Navier-Stokes approach in dam-break problem and simulation of dry-wet problem. The results show good accuracy and in a good agreement with another scheme in another paper.
Introduction
The Saint-Venant equations (SVE) or known as shallow water equations are a set of hyperbolic partial differential equations which consist of two equations, mass conservation and momentum conservation. This equation is very important to describe some fluid flow phenomenon such as, the water flow in channels or rivers, the sediment flow in estuaries, the gas flow in the atmosphere and etc (see [10] ). The governing equations of one-dimensional classical SVE are written as
where h is the total fluid depth, u is the velocity in the x direction, z is the topography, and g is the acceleration due to gravity. In these equations, the friction and viscosity term in momentum conservation are excluded. Moreover, the friction term is given based on the type of flow, for instance, in case of turbulent (Froude number (F r) > 1), we often use Darcy-Weisbach's friction law. Whereas for the laminar (F r < 1) case, we often use Manning's friction law.
In this paper, we are interested to study the numerical scheme for viscous SVE in the laminar flow water model. This model was derived by Gerbeau and Perthame [3] which includes a friction, viscosity, and Coriolis-Boussinesq factor. The equations of one-dimensional viscous SVE are given as
where h, u and z are the water height, the lateral velocity and the topography respectively. The gravitational force is define by g, and the constants κ and µ are the friction and viscosity coefficient respectively. In order to approximate Eqs. (3 -5) , some methods have been proposed. For instance, in [3] they used the finite volume Kinetic scheme introduced by [1] . However, here we are interested using the finite volume staggered grid scheme for viscous SVE. This scheme is known as a robust and well-balanced scheme for classical SVE (1 -2) (see [2, 5, 4] for the analysis of mathematical properties, i.e. consistency, stability, entropy satisfying, and see [2, 8, 9, 7] for the applications). Hence, in this paper we propose to construct and study the staggered scheme for viscous SVE.
The outline of this paper is given as, in Section 2, the numerical staggered scheme for viscous SVE is constructed. The numerical validation such as comparison of classical and viscous SVE in dam-break simulation and the convergence rate of L 1 -norm error in various grid points are given in Section 3. Moreover, the comparison of staggered, kinetic and Navier-Stokes scheme in laminar dam-break wet bed problem and also the study of dry-wet problem are examined. Finally in Section 4, the conclusions are organized.
Numerical scheme
Follow the notations of [2] and for the shake of simplicity, we consider the time interval (0, T ) is divided into N t time steps of length ∆t and, for all n ∈ {0, . . . , N t }, t n := n∆t. The domain Ω := (0, L) is divided into N x cells of length ∆x. The left end, the center and the right end of the i-th cell are denoted by x i− 1 2 , x i and x i+ 1 2 , respectively. We set M := {1, . . . , N x }, E int := {1, . . . , N x − 1}, E b := {0, N x }, and E := E int ∪ E b . is shown by yellow area.
The water height h and the topography z are discretized at the center of the cells. The approximation of h and z at the point x i and at time t n is denoted by h n i and z n i respectively. The velocity u is discretized at the interfaces between the cells. The approximation of u at the point x i+ 1 2 and at time t n is denoted by u n i+ 1 2 . This space discretization and the definition of control volume for mass and momentum are represented in Fig. 1 .
The initial conditions are given as,
The discretization of mass conservation equation (3) is given as,
where
The momentum balance equation (4) is discretized with explicit upwind fluxes for the convection term, implicit centered fluxes for the pressure, semi-implicit for the friction term, and a second-order central difference for the viscosity term:
The topography is not evolving in time, therefore in (12) the discretization of topography remains using the initial condition. In order to keep the stability of the scheme (i.e the water height remains non-negative at time t n+1 ), the Courant-Friedrichs-Lewy (CFL) condition is given by ∆t := ν∆x
where the Courant number is given by ν ≤ 1. Note that in the previous scheme (9)-(16), we only consider the first order of accuracy in space and time.
Remark 2.1 (Second order scheme). Second-order accuracy in space and time can be achieved with usual technique for example, MUSCL or ENO flux reconstruction for the space, and Heun method for the time.
Important to note that, in order to avoid the presence of non-entropic shock in our numerical simulation, we used
in momentum conservation (see [2] for more detail). Finally, the general algorithm is given in Algorithm 1.
Algorithm 1
The explicit staggered scheme.
Step 1. Give the initial conditions at n = 0.
Step 2. Compute (10 -11) for F n i+ 1 2 ∀i ∈ E int .
Step 3. Compute (17) for ∆t to preserve the stability.
Step 4. Solve (9) for h n+1 i ∀i ∈ M.
Step
Numerical tests
In this section, we elaborate two numerical tests such as dam-break on a wet and dry bed simulations.
Dam-break on a wet bed
In this simulation, first we will examine the comparison between classical and viscous SVE. Here the domain is Ω = [−50 : 50] (L = 100 m length) and the initial conditions are given as
where h l = 2, h r = 1, the boundary conditions are set to be wall in the both boundaries and the CFL condition is set to be 1. For the viscous SVE, the coefficients of friction and viscosity term are given as κ = 0 and µ = h l − h r L respectively.
In Fig. 2 , the results of water level and velocity are shown at final time t = 7 s. Fig. 2(b) and 2(c) show the zoom part of Fig. 2(a) in rarefaction (A1) and shock (A2) waves of water level respectively. We can see clearly that, in the shock area, the numerical result in viscous SVE is more diffusive thus the oscillation in shock area vanished. Contrary, the staggered scheme for classical SVE in dam-break simulation produces small bump in the shock area (which is not due to numerical instability), however it is more accurate than the other robust methods (see [2] for more illustrations and explanations). Moreover, we can confirm that the shock speed in viscous SVE is faster than the classical SVE. On the other hand, in rarefaction wave and intermediate depth are quite similar in both cases. In this test case, there is no analytical solution for dam-break in viscous SVE. Therefore, in order to evaluate the accuracy of the scheme, we used a reference solution. Here, a reference solution is computed by using a very fine mesh of 3200 grid points. Hence the L 1 -norm error is calculated by
where Φ could be either h or u. The convergence rate of L 1 -norm error both in h and u, in various grid points N x are shown in Fig. 3 . We can observe that, in Fig. 3 the convergence of our scheme ameliorates along with the increasing of numbers of grid points as we expected.
Next, it will be interesting if we elaborate our scheme into a numerical simulation of viscous dam-break introduced in [6, 3] . Here, we will compare the results of our scheme with the results of Kinetic scheme (see [1] ) and direct Navier-stokes obtained in [3] . In this simulation, the domain and the initial conditions are given as in the previous simulation. However, in order to get the same simulation in [3] , the gravitational force and two final time steps are modified as g = 2 m/s 2 , t = 5 s and t = 10 s. The results of these simulation are shown in Fig. 4 . They show that our scheme is comparable with the Kinetic scheme for viscous SVE. In addition, comparing with the result using direct Navier-Stokes in Fig. 4 , all schemes have a same shock speed and intermediate water depth. The comparison of the intermediate water depth in various values of κ is shown in Fig. 5 . They show that the given of various κ produce difference profiles.
Dam-break on a dry bed
The aim of this simulation is not only to examine the ability of the scheme to handle vacuum, but also to confirm the ability to deduct non-smooth topography. Here the domain is Ω = [−50 : 50] m and the initial conditions are given as . Results from various final time steps (t = 0, t = 13, t = 20 and t = 30) are shown in Fig. 6 . Here, we can see clearly that the scheme is perfectly able to treat dry-wet transitions and also to handle the non-smooth topography. Moreover, we also can confirm that our scheme produces the waves over the jumps of topography.
Conclusion
The staggered grid scheme for viscous Saint-Venant equations has been presented. This scheme is simple, accurate and strightforward both for viscous and classical Saint-Venant equations. The good convergence rate of L 1 -norm error in h and u are shown nicely increasing along with the increasing number of points. Some comparison results from other schemes are elaborated in dam-break problem. They have a good agreement with the another results using Kinetic scheme and direct Navier-Stokes approach. Moreover, through the simulation of dam-break on a dry bed, we can confirm that our scheme is able to handle vacuum and non-smooth topography. Finally, we can conclude that staggered grid scheme is a robust scheme for viscous SVE. 
